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2 what is category

Definition 2.1. A category C consist of the following data
« a class of objects Ob(C)

o for each A, B € Ob(C),there exist a set Hom¢(A, B) of morphisms
from A to B

o for each A, B,C € Ob(C),there exist a funtion s.t.

Home(B,C) x Home(A, B) — Home(A, C)
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(9, f) = (gof)

called composition and satisfy the following axioms

o for each A € Ob(C), there is an element 14 in Home(A, A) called
identity on A satisfy the idenity laws i.e. for each f € Hom¢(A, B),
fola=f=1pof

o for each f € Homc(A,B),g € Home(B,C),h € Home(C,D), we
have associativity i.e. (hog)o f=ho(gof)

FATAR T PR — T B R 2 X, TEEI FEXT 5 /2 Object(Xf52) Hil
morphism (Z54]) PAK composition(5 £), ARG BB, XL do-
main Y5 codomain, & &2 MG 2 [0 B G, 106 2 BB 4% A B IE 2
Pl B 5 1Y), X2 — RS B FR AT BRARTE R Y 5 =X, (B S T A B 1 TR AT
A PAEEIX ARG, XMNGE—F4iBFB. 48 LEuks
H—AEH HIRRI A, JuBE5E e A7 nfRFRAT] S S HA Bt e 2 )G,
BINFRATNE WSS bR FE— A x B k74, BER—ANTX (G, ) &
Lo HETAX BATEmE 2T 2R VNR? 75 R E XA Rz [y, /AT
H—SBEE A0 R/ IR, X HLIRATI R A g R T RE s B R, KE
BAIH ZFC AHARR TR 240 MHEpR 2 (Blanpril emeEam a6 '),
XA XL R 2, FE A First Course in Category by Ana Agore
L, BRIAT H—MARMAR NBG, X2 ZFC AH{K R conservative ex-
tension(f£5F K, ie. g ZFC HhE statement f£ NBG A HH,
1E NBG #i] ZFC iEF BRI N ER statement £ ZFC 1 E), £ NBG
H class J2 A% A Y, FrPAFRATRT PAYE NBG i AbPRYE I, XA A
W FWAR T . (HFEFERFE NBG HTH class 1Y class MO BHERRAEST
B, AT TCVELFLX A 8 T, (2T RATH XD E XS, FrA
KSR A @, 205 T IENIORIE EH T . 56 —FhAb3 7%
MR EE TG —BE 2 Categories and Sheaves H15| A1)

HEFNE ARSI 27 4 Russell’s Paradox R ARG AFLRGRK T, FrATRATH 2 BoR A5 =k
FRLTIASE A B0, 2 B AR RERE R = {z | = ¢ =} B MMEA, T 2RI ZIEXAE LD
HEBR A ZF BOUFHES T, FRER IS BAEE S E SR, S F#EEG X,Rx = {z € X |z ¢ =},
Rx € Rx B Rx ¢ Rx, Nui#&, WA Rx € X H Rx ¢ Rx ¥J&, REENEH, IHf Rx ¢ X, &
WARRBINRESS T Rx € Rx XFFIET, BATMIEH TIra £G5S AN, xR
BH—AEAHE, BN EEGERNRAEH BN, FHIX A AHZ RN Russell’s Paradox (Uit
REITHAES X ¢ X, XIRREHEE X € X), FTAEA U B JHERF I Russell’s Paradox,
TEASESIIS R AV G IALE, A S GTHE PR R X R A 1A
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Grothendieck universe., 2f =FpbH 202 GTM5 H11 metacategories.
JaWMEAVE LB, H—FXTHERUECEBH T .

IAEFRAT R M ZE G 5 R AT 2R P, SFr FoR A universe BYXILAT, 3K
I1A] ARG B 2 — D=0 xt (5EGERFXARE, 280 12
KU H2IREH BT X FERAR, FRATE W L FHFE ST AR 7,
WERAT A, WRZ BSR4, BEZEE G4, B2
identity laws Fil associativity. HZEFRATULHH TiX L%, I uiIRA1E LT —
A, FATAFTF LT T R4, R LRAIFA R OH R4,
AR OHRES G M EEAEE - RIS —Nr M EZ R T O
PR

REAXTAEERIR G Als BME—/, Laol)y =14 =1/

Remark. TEi% B E SCHFRATESRM R A, B Z RIS 2 — PN EGTIA R
proper class, [HiX AN AR HE BRI, — 20558 AR L 13X 5 PE R I Y s A
locally small, [F]H}FE S B EIRTRA 1 ERIEBESSRE A, B2
—EFFA—E AN A, B RAR T R, B IEX R AR HER discrete

category,

THIEARERS T

Examples 2.1.1 (Set). X2k ER, F£G A B WA ENZEIP
WS, A0 Z B AR AT R &, 255 B kX i 2 51 4hW 2 A3,
FATRATE LT — M uE o A MG Set

Examples 2.1.2 (Grp). X @2, # G, Gy SN2 R
FAS, S BINE AEUE EIITE NS A, 255 BukiX % 2 77 Sh M 4%
AHE, FTPAFRATE LT — MEREFRONRENEWE  Grp

Examples 2.1.3 (Ring). X% 244 ring, ringG:, G2 FSH2ENIZ1H
[ ring homomorphism, &5} [0 R Gt CAIME MBI E &, 255 %
WX 2 73 SR A5 AR, FrPAFRATTE LT — N YEEFRH ring {685 Ring
Examples 2.1.4 (Vecty). X2 b Lkt an, SHaLtEs
() B R RS, Y2 B G R EAME B f, 255 B b i /2 7
NP S BE, FTDATRATTE LT — NSRRI B gtk 23 MINinE  Vect,
Examples 2.1.5 (Top). %42 mibasin), 550240 b2 [l i) 2wk
S, S Z RIME AR ENTENMS R G, 255 5k i 2 71 bW 5 A3,
FATRATE LT — a3 MG Top
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XEEHRRE AR NS examples, (HR2TEBEH) NIEA T, BBl
T T RS ISR 2 AT RGE WS, 32X 7T §E AR A RIS A K
HERR R B, RS BT P3RS F B8 AR I SST . B2 Ak
T A

Definition 2.2 (source and target). if f € Homc(A, B), we call A the
source and B the target of f.

Remark. source FEFEL645 [N domain, target NI codomain, {HfE
AL R EAN TS WSS X 2 br— a1, b BRI F R
RF ARSI (a7 B ML S 2 S A B R Y

Definition 2.3. A morphism f : A — B in a category C is an isomor-

phism if there existsamap g: B+ AinCs.t. gof=14and fog=1p

Remark. isomorphism [ARRAEBLNTRUR (RUR SAFAE BT SE 1), we
call A and B is isomorphic if there exists an isomorphism form A to B and

write A = B, we also call g the inverse of f and write g = f~1.
TN LT

Examples 2.3.1. #%[E& Set, )] isomorphism € Set are the bijections. iX
SE AR A LR ZBUR Y HAL Y B AT, 4R A7ElE LY isomorphism
SR B AT 3 AR 2 S

Examples 2.3.2. % & Grp, ] isomorphism € Grp are the isomorphisms

of groups. X & [y R[] A5 n] 3, DB SRR, WA XS RIS R4S,
AT NIRRT DU ]R30 A A ) 25

Examples 2.3.3. % & Top, N isomorphism € Top are the homeomor-
phisms. 33X B A [ PR RS 0UR, W B Rl BB it @ e s, Rz
oA RUR, BB ) RS A R IR . R RS DU A —
%%]ﬁ‘lﬂﬁy%ﬁ#, WH Zd : (R> Tdiscrete) — (Ra Tmetric)

R TERE BT R AR A DR, (B2 BT LB NSt
A PRSI EOREE T ENTRRRE Y (A S b 1), et
FUNTCREAE WA, FATFRRE R — ok — N EBER X Gt AR5
AR ERRINETHE, — ERERIR R EA—E RRLIES, — I ERERES
S — AR AL
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Examples 2.1.6 ZJEXW G5, =, HE G =H— g, Al
LT 0.

Remark. FA NG AR GIE P 8RR LA SEA, I 2 AR,
T — L8 FRYHMERNEIE, (F2 3 T DABRAEAS, Fiiid £ 2145
Examples 2.1.7 ZE—PXRAC— IR A, SHA 14, EENEA
Lyola =14, HANCIHTERE N 1

Examples 2.1.8 ZENZ I ITITGE A, B, SN f:A— B, 14,15, &
A E e IR

Examples 2.1.9 % [E— NS4 identity HIFERE, FATHRIX LG 2
discrete category

Examples 2.1.10 A2 Frf i TEmER 0 LA Z AR K7 /#, o7t B
FNTHFRE] T — MO DX RAGTENE, R ATFR— i 2 small
1, AR ERXRELCA— N EATIAREZ (proper class)(HEZ locally
small {1, TEFRATHIE P BT JEBEAHOA 2 locally small #, 53X 45 AT DA
Bezmg) . mIX locally small RFEBERYSHH R AN —E LA, (H2M
s A small J5, SHHEREEPEEEG T . X2KN the union of set-
many sets is a set, a small category has set-many mrophisms.

U Home(A, B). Note that for locally small categories, having set-
A,BEOb(C)
many objects and having set-many morphisms in total are equivalent.Proof

of left= right we posted above, and notice that each objects correspondent

at least one morphism which is identity, thus we have left < right.

Remark. X JUANBITAFE Al G I FEE H B AT AR &7 e Uk F T B it A i e
X RA—EROES, SHEA—EMPEES, Fbr ERAI5Ea N LAE A
MR EE, BTENEHEATBE AN RE A 3 @2 At 4
A RV BEAARS, SHT SR BRI RV, FHA B, FATATIA
H—RAERBITF, HIE A ={1,2,3}, B ={4,5,6, }, WAVE&0LAR f &
SO (L, 4),(1,5),(2,4), (2, 7)) SX PR, fihse 4 A2 — U

XA TR AT S A [ IR — A RIE S
FEWILS
Examples 2.1.10 —MUA— xR H_ETHAYESH#AZ isomorphism H{E
WS SRR ] B2 SIS s — M, ez — s fr bl — MU
— G A B SHHZ isomorphism WTEBEM S HIER R Eisf.
B — NG C, % EASHE Home(A, A) R FE G55, R
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— M AR — 2B, 1a MR RIEX 2 — P L2
1, isomorphism FFRUERE— M) [z, JATHIERE (G, ), BIEXGHN
AW, EIHSHRONENEOTR, SHWE A E SCHRFYIRE -, IB2%E
SHEER G EEE (G, ).
Remark. 196, MIERERIULRORTE, X2 —Fpii /A BE BRI, & ks Lt
B FEFPERE R SR IER F F AR A, T, XA IATRRAL T AR
FIEWE Y 75, X ATy o8 4wl AR R (kb T A — %, fr
PAR IRAZ 4 1) I A3 ] A FR 2225 TR B 2 fiid TS G717, B
FMEE); PR, ATE BT OSSR T, MY K™ AR
WL, BSEER B DURATR AR, X AR TSN R . ST
FATLIERNNEER A, FATAT ARFZ I 5 S G 5 ik the category
of groups is equivalent to the category of (small) one-object categories in
which every map is an isomorphism. In philosophy, 2 —ML & IRl %
) LEX FREAE B Z54E , XS FRARAE 2 VR 7T LA (R PRI A S 454, XF
T—R5 X, B AT R XA R ERAE, BT AR B AR X Py
TRIGTEETE Bk 2 AR A .
R BT TR B Y (R AR 2% 18 isomorphism), IIAEFK
1 EREERNZ5H (monoid).
Examples 2.1.11 —MUG—MXRIEE, B B ERE 2 iz
SRR 2 2R, SeZ — A Z 2B R — MR — DR RIS S A
Al B2 Ais5. I BT #E L —FER
AR ARELEEH, 3 G50 AT AT 1) £ BE R LA
Examples 2.1.12 preorder x& {07 HEM 2 AT FRER) —JCK &R (le. Vo €
X,z <zand Vz,y,z € X,z < y,y < 2= x < z) & preorder set(X, <),
DL X PITENNGE, VA, B € X BEEEE—ANEN, &5 f: A~ B
YHMNHM A<B HAEH f: A= Bg: B> C Mgof=2:A-C
La RAFAER, S5 GHYEW R, FrPA preorder set 5L ] A & — M5l
T .

B TXAZHT, TATRGIAT — MRS, FATHIE e ERES
SF f:A— B, 248 Afsm B W, FATHE R EREL, B fr: B — A, Xfh
REEAEFRATT | ATXFER E o
Definition 2.4. X}F—> category C, F [EjilE C? fiifF Ob(C?) =
Ob(C), VA, B € Ob, Homeeor (B, A) = Home(A, B), f?0g° = (go f)°P(for
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f € Homeor (B, A), we denote f), 14(€ C?) = 14(€ C), L&, &
fi1FR C°P 2 C 1y dual category.

’E—%, Homeor (B, A) = Homec(A, B) {tI°F doesn’t make sense, f :
A= B,f XNEAFRE2M B LF| A WR? XM RIS 2R AN
RSB 8 FHAE T BRI BT, FRATFRRE R S 2 B, VR E
PEAR AR B TR A WA G XA T, BIITER s L EHEI8
B, IR B A A FATA AR T — MR AR R ? o 7RIk
[ PRI TC R RS S BT BRI S ST 5, (R IUTE f BERE
2 f: A= B R f: B — A XRBEAMAR. XEMCHESTE R
IRFRATMY source FI target FARMEAST f k& LK, HEMHELAZE f 1
A P, T A T B RER TE . R BRSR UL R A f WA AN EEY
target I source, JX— riH LA AN GE L HPE Y, FATHIE AT Fhe—
MR ICE, AT AR E A, B ZMESSHE f, WAalAfsE C, D Z[H)
AR f, FRREHR [ A — W, HERp 2 amsn) A8, f 2248
T

bR FIXANE X E P4 K T identity il associativity & TUARHY. (f*o

gP)oh’ = (go f)Poh’ = (ho(go f)) = ((hog)o [)? = fPo(hog)™ =
foP o (g°? o hP).
Lao f? = (fola)? = f = fPolp BINEMIEREERAEAEX HTLNE, T3]
A TEBE RS TR AT 2 0 I Y W () S BE A E SN P S 2 ME— 1
Remark (principle of duality). f&] SR LW 2 % T &k, FATx4
ANRE X, E BRAIIE RS AT DU AR R 7k, AR 2]— 5 Z XHER & XL,
EH, UER, AT T BT

Definition 2.5. 4 5E{ilE C, D, % EXFE—/iilE C x D, Hxf 4 2
Ob(C)xOb(D), Hi54t Hom((A, B), (A, B')) = Hom(A, A')x Hom(B, B')
BATRHE I L S B ERYE A1 identity.

Exercises
2.1 Find three examples of categories not mentioned above.
Solution: 1.R &—>ring, & E4k R—module, 3541 & module—homomorphism,
HERWSE S, 2. BB RN, SRS, 2 AR
A 3. BRI, S REFS, a2 WiE .

2.2 Show that a map in a category can have at most one inverse.
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Solution: Already posted above.
2.3 Let C and D be categories. There is only one sensible way to define
composition and identities in product category of C and D, write it down.
Solution:
Composition: Hom((A', B'),(C,D))xHom((A, B), (A", B")) - Hom((A, B), (C, D))
(1,9, (f,9) = (f'e f,9' 0 g)
identity in Hom((A, B), (A, B)) is (14,1p)

3 what is functor

Definition 3.1. Let C and D be categories. A functor F': C — D consists
of following data

e a function

0b(C) — Ob(D)
written as A — F(A)

o for each A, A’ € C, a funtion

Home (A, A") — Homp(F(A),F(A")

written as f — F(f),

satisfying the following axioms:
o F(f'of)=F(f')oF(f) whenever A a4 in C;
o F(14) =1pca) whenever Ac C

Ay BRI, Ry 1 SCeR TR AT EUEHI A 1 R GER B RIS
aF, FAVIERX Gl e M EIE, BrAX B A e R A T4
AR A ERYBURIORE, (FUZ R DAZE 48 24 B & _ERWLGR B g, oAy
— AR R AR Ae i AR, AR SE A NIE, FATEHE H G EANE X
FLAYIRI AT PASE 4224 AR & _ BRI R BEAR, (domain ICEA HACH —1
image 7E codomain H1), 2. ZHHRFISHSHABRYS, A1 L2 identity
Wit 22 AV Y identity, SR GBI R SEHIVRAE G, KT HE
A B LR RS, A 2T 4 7, RIS ETE ERZE. KX
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& X motivation NJREZ: 5 [EPATERE XIS MTERE, B T ik EA M — 10
W5, F 1452 SCIEWE 2 RS, JEmEZ R A5l 2 8 1

Examples 3.1.1. FEXTZR AN 4K small category (X2, AL LA
EEHRAEERT, KRR small category PRI =JC% (OB, HOM, o)
'VE?%]*/I\%AL B TEWEZ [ R 1, FRATIFE 2 E SR 1 Z [ R A

¢ D5 g, % Ob(C) » Ob(E) : A F(A) = G(F(A))

Home(A, A') — Home(G(F(A)), G(F(A))) : f — F(f) = G(F(f))
ANHESUEIX I /2 P25 R T I A B, RATIRX D10 F,G A, idh Go
PG RBATRAFUX RSS2 —MES, Bili2 M small category C 3|
small category D B T EHIM N —MEAM A S HEE. B, — MR TH
SR~ JCXF (function between class of objects, functions between all
set of morphism), M class Ob(C) %] class Ob(D) ¥ function 4= {A&F4) pl—4~
class(a function is a subclass of class Ob(C)x Ob(D) , all subclass of class is
a class just as set(I guess), so all functions form a class), and all set functions
between two sets form a set, union of class-many classes is classed just as

set(Iguess),so  |J  {somefunctionsfromHomc(A, A')toHomp(F(A),
A,A’€0b(C)

is a class. — R AP A DR 25 0B ULITA S U 4EE]
IR R AN A2 class Mor(C) F| class Mor(D) 1A st
BRI T2, B (Ob(C)OP(™) x Mor(C)Mor™P)y [y 72, JERH T AT B
& small category, X T RE A X L ATA S AR RS, Il 24
BT, W& SHZ BRI B R . identity IXFE—ANRT, BT
RGN B O, FERTA SRR B O, associativity &2 R0 . XFE—4
LG ATIC A CAT.
FATEL LB TR sz — T forgetful functor (ki)

Examples 3.1.2. Z[EJil% Grp il Set, Z[EXISE K7 (At B G &
Jetiie— G, L U(G), F(G) = U(G), BB G WO HX VIS4
B f B —NEATMB, A AE R F(f) = f, RIEEREZ W
T [ SR AR R S A LT, FEXAERE SR A AR AR 2, X TR
A& LT —"1M Grp #| Set E’J@? JX/I\LZJ¥” B TR, LR
TR, T R TSI PREEIME, R AR TR

Examples 3.1.3. Z[E7il4 Ring 1 Set, ¥ ringR WA HXT N IS, ¥
ringhomomorphism WA TR BRI, X @ LT Ring $| Set (1)K 1, i3

F(A)}
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T ring structure, FHABCELEIBIUN field or vector space #R] PAIXAEE X,
R A LI P A T SR, A BT L
FATIRLSFT .

{H2 forgetful functor A T A AT, HATSAE N R BT/
B — Ko

Examples 3.1.4. Consider Ab(i.e. category of abelian groups). % &
Ring #| Ab [ TTF: HEEF ring 1A% 2 —1 abelian group, F ]
8 ring BLCH H &, H2IATEPEMEM S multipication operater, R
ring homomorphism Bt A FAHRN ) group homomorphism, JXAFEFRA B mTH
T ring MOMAYEEH) (THAY), ILMASI T abelian group. {1 bl
J& Ring #| Monoid [Yp& 1 JEI N ring R, 7E3¥E T H K monoid.

AT AT PALE category ANBUG s B HYZEH, 1M BE 5 B A LE PR IR

Examples 3.1.5. %[E Ab F| Grp, ¥ abelian group Bt group, # ho-

momorphism of abelian group B homomorphism of group.

Remark. In common parlance, the term ’forgetful functor’ has no precise
definition, being simply used whenvever a functor is obviously defined by

forgetting something.

T—4F+2 free functor (] Hi#T-).Free functors are in some sense

dual to forgetful functors.

Examples 3.1.6. 5EHEG X, B0 A free group.? F(X). % [EM Set
F| FrGrp W TA1F: RES X B3] F(X), ¥ f: X = Y B3| F(f) -

2LEFRAT T —Fh HL A BE R 7 35 25 M 2 SUGX MR, % strings, empty word or word and some-
thing like this. ZE X, it T = X x {0,1}, it (¢,0) € T K =, it (z,1) € T K =z~ it
mo T = X flm : T — {0,1} ABADEBEUS. Fn e N it [n] = {i € N|i < n},
XM w e [n] = T, FER T E—MRER n i word, FAFH—14 word /2 reduced, QT
AR i < n—1m(w(i)) = mo(w(i + 1)) = m(w(i)) = m1(w( + 1)) (X—FK2ERT « LB

BARSE ). BE—4 wordw : [n] — T, IS —4 word w’ : [n — 2] — T /& one-step
reduction of w, YRFFHE ¢ < n — 1 s.t. wo(w(i)) = mo(w(i + 1)) H mi(w(2)) # mi(w(i + 1)),
s w) i<, . e .

EX w' () = (A THEMER ¢ 5 27 BATMHEEN). H&E W ZFFF

w(i+2) ifj>i
word ¥R, FlFR wordw’” & wordw [ reduction, fISRFFHE n € N DL functionv : [n] - W
g v(0) = w,v(n — 1) = w', WP i < n — L@ + 1) #E v(i) AY one-step reduction. #J
PUIERE, XT84 wordw, #RAFFEEHIME—) reduced word, itk r(w). IJaRATKE LFTE TR,
HEMWAD wordw @ [n] = Ti;w’ @ [m] — T, EXEMNZENEE w*w' : [n+m] - T by
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F(X)— FY) F(X) B/ wordw MCHINTR wordw' (i) := f(w(i))), 5%
B UERCRF AR A~ p8 T, X E e T

Examples 3.1.7. % & Set 2| I{ElE CRing kT H£H S FFome
B F(S)(PA S MEMm A B free commutative ring: RIS SCHGE S f)—1>
Z ERZ IR, SETZ RS f 2 S — S BE| F(f) : F(S) — F(5'),
BXF S AR ekE] S, HABSE RS

Examples 3.1.8. Bl k, ZEXFH—"T K T: F : Set — Vect,, B R4E
A X BRI DA X R SR & ERYZpEas ) (MR X AR F(X) &
FA A A IR ORI 0 B f - X — k 4G, AT RATE B E S
W, E eSSk Eok, AOTHGR T AR, A R LR AT A
HARY 5t R At 25 (0] _E ) Stk g

Remark. RN (BS54 LURE T @, B AT AR AR 2, 1K 0RE A
A AT free ring(vector space) L] R, (HI2 X} THEEE —
A E S 1, KT R T2 LA R, 2 B2 FRATTME DARA 35 AH B 1) B
H PR ARER S )

P b, JERER R IR R EGREN, BRI AL AR I RECT R
RACLIRAHFN ), FATRF—LERF I R AR BN S, B REBOT 11)
PRI AR F T SR, BIr A2 iR Tl e X o =4 T IROTPRER
XS S B bR T

Examples 3.1.9. i Top. N pointed space(i.e. a topology space with a
particular point, picked out from the space) [T, X542 (6] SHHE R
WE RS (e, f: X =Y H f(zo) =y ). HE i : Top. —
Grp, Ff X BRI HEAR .

Examples 3.1.10. H,, : Top toAb ¥ X 3| HE n /> homology group
b RSB AS UL 5 R R [ 2

Examples 3.1.11. (L 20z A S HE S — 1K F : CRing —

) w(i) ifi<n
(w=w') (i) = { AR F(X) A T ERIFTAR] reduced words, & F(X) I

w'(i—mn) ifi>n

BN (w, w') = r(w * w'), AAIEN] (F(X), ) AN, AR X LAY E i
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Set. fin: %)E

207 +y* —32° =1 (1)
2+ =y (2)

A 2> commutative ring, F(A) &2 (1), (2) A (z,y,2) e AxAx A
#I4E4. ring homomorphism f : A — B, F(f) : F(A) — F(B) (x,y,z) —
(f(2), f(y), f(2)). FATE LT & F.AEBUIUTH, scheme j2—1HH
YrEMER R T F : CRing — Set

Examples 3.1.12. FEPHAEE (B0EZ P4 monoid) G, H, AT —4
group FJPABEIN A 2 —MMUE— %4, H BT R &S50 =2 T 3 i s, 78
XA AT AT AR PIATEWE &, 2. BAEFATTREE SC T B
T F 9 — 0, BIRTAEME— 0 G B o — %t 4, A 7 2
F(fog)=F(f)oF(g) Wil F Ak FhE—1 G 3 H WEEFL, X
W FERE FARBLT FRATTUA R 1 R] DA L LA S 2 TR [l 2

Examples 3.1.13. Let G be a group, regarded as a one-object category ¢.
PAEHTEE LK T F G — Set. 155 F BHEME—RIXTRME| —MEGA
wrch S, MTES f, F(f) 1S — S & S LR, 84 f € G Hahs
REEAWGE, AHE F(f)(s) =: f - s, WEATH

GxS—S

(9,8) > g-s
HHBT F(fog)=F(f)oF(g9) , &MIE fg-s=f(g-s), FHFH 1-s=s
XIEZHEER, FrPATRNI T A — DM & B EEATEWER R T ] ABOATE 2

AR, RZXFARAT—A G HEFEH, FATHAR AT A 0] 25—~ LIy
PR T

FATABATAZSR |1 A — A ZRY—A F(f) : F(A) — F(A"), &A1
BRI PASGE RAEMR Y, F(A') — F(A) FRHE—AES .

Definition 3.2. Let C and D be categories. A contravariant functor(Jg
ZEp1-) from C to D is a functor C°? — D.

X7 CP — D, C MR H dual category —F£, fifPA functor C? — D
R T C BIXT 28] D BRI KRR, [P A — A FERTHIEAT
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ZOIE] F(fP) « F(A) = F(A), FHIR F(fPog™) = F(fP)oF(g),
F(la) = 1p(A), X%Eb EWFET C ST D RSHRIXTY KR, Xt
LM C WSS A= A FIR F(fF), WIATA F(fog) = F((fo
9)") = F(g” o fr) = F(g) o F(f°F) = F(g) o F(f), 3X1E2 A LI $2 5]
08

Remark. F&ATTA] A FFR A LK B FF contravariant functor, 25—Fh g &
T AR S B T T RS T B R R T AR, 45
Tl K JEOR A R 158 SO ST ERRIBRST f 0 A — A" XFY. F(A) — F(A)
R SH AR F(A7) — F(A) HRRASH, AFPE— AR 8Ul
F(fog)="F(g)oF(f), XFEHMEHE— . JFORIANTE AR T4 R
B covariant functor (FpEEkF).

Examples 3.2.1. — M= [AINIF 25 B REM & XAE LI 0 R kA, X2
—ANEEILA . FEIRFNER] (X, 7x), 12 C(X) h X RS S R AL
MBAER. Epr,pe : X = R, (p1 + p2)(x) = pu(z) + po(z). BHEIE
p1+po TR — ARG IRLEN, G5 G S AR BARN), X7t f(x) =0, %
Jise —p(x) = (=1)*p(x). Fik: p1,p2: X = R, (pip2) () = p1(z) X pa(z),
[FIFEAS ) KIE pLpe TERF— SR IELLN, 45 & H o e s i 2 B 48 1,
ZIGre f(x) = 1. LR f: X - Y BS54 ring homomorphism
C(f): C(Y) = C(X), Bl q: Y » RWE X 5y 5 R JAHLER )
SR ISR Jil— 1 contravariant functor from Top to Ring.

Remark. While this paricular example will not play a large part in this text,
it is worth close attention. It illustrates the important idea of a structure
whose elements are maps. The way in which C becomes a functor, via
composition, is also important. Similar constructions will be crucial in later
chapters. For certain classes of space, the passage from X to C(X) loses
no information: there is a way of reconstructing the space X from the ring
C(X). For this and related reasons, it is sometimes said that ’algebra is

dual to geometry’.

Examples 3.2.2. % & V,W &l F FRmNLrEasl, ic Hom(V, W) 2k
V B W LG A, D)5 e BRIy S EOR T R B AS etE As T
B E W, TR £V = V! ERES—A Hom FRLMELS

f*:Hom(V',W) — Hom(V,W)
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vIiv 4w
MaXsLPr FgE LT —4 Vect? 3| Vectr KK Hom(—, W) : Vect? —
Vectp, i V BLE] Hom(V, W),k f € Hom(V, V') B3| F(f) € Hom(Hom(V,W), Hom(V',W))
T KX AL R TE/E Hom(, W), —FFFIRIGHZ F 2EHD
M —4E Lt =S 1], AT AB B T Hom(, F), BRI F R
P ] e 2 & R R =S ] L

Remark. X IR HRAY D Vecty | Vectr WA T, H5EPr
AR, Al Vecty 3| Vectp HILAZN T, & Vectr F| Vectr
MR AERR T JRRR IR, — IR BR IR I, 2 X A s B V3|
V'SR, FRIE PR UL E AR I A RE R LT Z [ E 2R, BT AT DA
N ST R B FE I [ AL pR 1, (BAF AR ARSI R AR, T
HEEE—MNERRA N ERXMEERE L V 2] V! ESAHE, IR A EAR B
REREAGE V E VMBS T, oS EShs BV IR E o2 V!OE VORI,
REHIHAR V B VB, IE S F(f) REERZES mlhT
EHSEES V] VOB, B AT S I E SGA R I IE AR bR T SR

Examples 3.2.3. [ [RJHBENAS KT H" : Top” — Ab

Examples 3.2.4. G 2 HE, FFEWA—DHRTENE &, 518 AL R T
PGP — Set, XM — A HEAE .

AT AR B AR A UMY S bR T
Definition 3.3. C 2—El;, FATFK C°P F| Set 1K T~ presheaf.

/2 Ut presheaf J&RANEIE S 4 G YEME R f 2L BE 1. Motivation JgiX
FERY. BN (X, 7), A 7 FEEGHEE B SO E— MR P
. WP AR BUE—TEmE (e, MR MmFEREMITE, L2
PSSR BT KR, IIASHERZH IR, S ZRINE A2
Ty X R B E), ek BIFEREX R, HEZRNSHEEGXR. X |k
(1) presheaf i@ X SEWEHY presheaf. HIANFATA AEEE T F W0, E4E
Uect WG U B R BB REE L, 24 UU 2SR
23, R PN L K AR A B, T RASEDF I A S 1 AR ik A B
H—PEHIESE . — presheaves BIZEFEI LA HH A & FE A HL.
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Definition 3.4. FAIFRK T F : C — D J& faithful(full), {15 4HT =10
Al,AQ c Ob(C), %@ﬁ( F(f) : Homc(Al,A2) — HomD(F(A1>,F(A2>) zEé
BRI (W 5).

faithful F1 full J&FEA 07 M ) BG5S 5T, (Hoag ik A LX), oy
PEIRATIX B BORR G A A B ME— 1), SEBR B BRI
RS ER A RS (X5 B BTN B R OREIE), 5T
REN PR, T HLAHE A STk s 2 R . (H2 X R EE R
FATRX[EE T source # target WA, A FHRE [ 5 g EAIAR, M
HEAT target Fl source WA, HEEH I EZ E MRS, W
Ui, — MU A ARER, BTSSR AESESY, B— 1w
—AXR, R MEESST, IATATT R 51PN SR 3 ME— 17
W5, FEPAS AR ME— S, WX H S s—4> faithful {5, {H
& BRI [F] A S BB [ ) A0 X — A S BRI BRR, X TR
A1, Agyg s F(A)) = F(Ag) 2Z2H— f: Al — Ay §i15 F(f) = g; 1fij full
W AR B DH A [ i F(f) =g

Definition 3.5. Z3/E il C, HEXFH—NEME D, BXZEe C Xt
ZHEM T, VD1, Dy € Ob(D), ENZIENZSHEER D1, Dy 1E C ST
T4, MMERER D € Ob(D), FliThH 1p(HEfEWs C )€ Homp(D, D), 4k
K C PR ABEAE D O R, FATFRXAFERIERE D 2 C 1Y 1
(subcategory). $FHIAIFKATA full subcategory, ANHEXFFALEW) Dy, Dy €
Ob(D), Homp(D1, Ds) = Home (D4, D3)

TIEBERIT 4, FREBCE S P T450, B4R S50 1) B 20 1
JEWIRB I — MR 45 1 . T full subcategory SZFz_b ik e 2 3 2wt
SIIEE, At 5 Bl R P Z e PR AR, FRATTRT DA i P R TR LX) 5 2
WA FE BT full category, i Ab 2 Grp 1 full category, i H A%
FAIRSEAZ A X T TR UL, XA — A HARIIHRARR T, 3% H 3 i—
faithful functor, i H'& 42 full functor 24 HAV Y4 XANT-{ilES2 full category.
HEFEEEWNE, SHHA LA —HE, B THgRA g2l T
g, JE PR TOmERR T 2R RN S8 128, B R T4, B5AE
M, ArTRE L, it Emd A2 G, EMEEGSTEIRAS codomain B
B, HRATENRE G E. FlanIEATm RS BHEHESHEE f: A — By :
B — CHERT FERTIE p: X - Yiq:Y = Ziqp: X — Z B, 1
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1 F(A) =X, F(B)=F(B)=Y,F(C)=Z F(f) =p,F(g) = ¢, e
JE AT A e AN 85 L Y.
Exercises

1. Find three examples of functors not mentioned above.

Solution: I, F' FL LA RIVEWEEE, F B BERE Z B AR AR
T 8P AR B S AR A Z (B — G BR T S B S
Wi 2 [B) A — N JBRS B T

2.Show that functors preserve isomorphism. That is, prove that if F :
C — D is a functor and A, A" € Ob(C) with A = A’ then F(A) = F(A")

Solution: # & f € Hom(A,A) ;& A, A Z 8K isomorphism, H[I
HIE g € Hom(A', A) 5 fog =ida H gof = ida HJ& F(f) €
Hom(F(A), F(A")),F(g) € Hom(F(A'), F(A)), 1A F(fog) = F(ida) =
idpan = F(f) o F(g), [P F(go f) = idray = F(g) o F(f).

3.Given ordered sets C and D, and denoting by C F{I D the correspond-
ing categories, show that a functor C — D amounts to an order-preserving
map C' — D

Solution: # & ¢1,c0 € C, 7 ¢1 < ¢a, Hom(cy,c2) = f W F : C — D,
F(f) € Homp(F(c1), F(c2), BIFFLE F(f) 45 Homp(dy,dz) = F(f), I
F(c1) = dy < dy = F(cp). TRFIEIZRTXZRE WP HHE T —1
order-preserving map.

4. Two categories C and D are isomorphic, wirtten as C = D, if they are

isomorphic as objects of CAT

e Let G be a group, regarded as a one-obeject category all of whose maps
are isomorphisms. Then its opposite G is also a one-object category
all of whose maps are isomorphisms, and can therefore be regarded
as a group too. What is G°P, in purely group-theoretic terms? Prove
that G is isomorphic to G°P

e Find a monoid not isomorphic to its opposite.

FEUEIZ BIFA TS UERA— T WASTERE R A 55 3, Sebs bl T3A 15 T8 ITE
W2 locally small 1), FATAFTRERFRTA EWEMIE AN IR 1 e #0518
—ANVEWE, SRR T PR EnE (RIFEE R locally small ) Ef1Z
(A1 F) B8 1A ] RE AN B — MRS, XBIR T A TEKAY locally small Z&4F,
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P AR ATIX BV Y [ F 2 %) small category Bif.

Solution: GP YEMHHFE IR KRB W EHE G 1Y oppsite group(i.e. fif

JUAHIE], (R B HERIEE LN g1 x g2 := g2 - g1). BT G F1 G PR
& small category, Il AFKATHI ATFIRE A1/ 15 2 isomorphic. X P>
TR A —HER, BB RN R & —FERY, ERENZIARY
HAEBERA N, FTAEE B RS x5, e
JC (&4 BEIEEHD, AR — DR T, (H2 FRME—R g fE—
MIXF 4, HERETTIE] B X — DR T F(fog) = (fog) ™) =
(g7 o fh)P = (f1)Polg )P =F(f) o F(g), F' 124 G BF| G 1R
T, B4 Fi, Fy )& isomorphic, BIiXp-~EB4 2 isomorphic.
ZEES X = {a,b}, B2 4 D X = X BSHEBGE & T —A4
22, ACME id = fi, fo, fs, fao AT RAIFTFEMA K T2 A5 HIESE
1, BT AFAT] 2 /075 K A R BT R S SR B R XU, A
F(fzo f) = F(f2) o F(f) = F(f2) = F(f2) o F(f), XM R -FEAFHE
).

5.Is there a functor Z : Grp — Grp with the property that Z(G) is
the centre of G for all groups G

Solution: % [EERE G BB HVJLTFRE {ec} L. B ORE R AR
P IUFRS, HoF LR AR H D

6.Sometimes we meet functors whose domain is a product C x D of
categories. Here you will show that such a functor can be regarded as an
interlocking pair of families of functors, one defined on C and the other

defined on D.(This is very like the situation for bilinear and linear maps.)

a) Let F': C x D — &£ be a functor. Prove that for each C' € C, there is
a functor F¢ : D — &£ defined on objects D € D by F¢(D) = F(C, D)
and on maps g in D by FY(g) = F(1¢,g). Prove that for each D € D,
there is a functor Fp : C — &£ defined similarly.

b) Let F' : C x D — & be a functor. With notation as in a), show that
the families of functors (F)cee and (Fp)pep satisfy the following two
conditions: if C' € C and D € D then F¢(D) = Fp(C); if f: C — C' in
Cand g: D — D' in D then F (g9) o Fp(f) = Fp/(f) o F°(g)

c¢) Now take categories C,D and &, and take families of functors (F<)cec
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and (Fp)pep satisfying the two conditions in b). Prove that there is a
unique functor F': C x D — & satisfying the equations in a).("There is a
unique functors’ means in particular that there is a functor, so you have

to prove existence as well as uniqueness.)

Solution:

a) ATHFEZIE FC BIV]. F 2 — PR FREWEMAE DXL
XGRS, Mg —4 C € C, F HiEF—A D 3 £ Mg nym
9, Bl FE(D) = F(C,D). Rl F ifx4—4~ (C1, Dy) F| (Cy, Ds) HIFS
St LT 8] Hom(F(Cy, Dy), F(Cy, Do) MBS, K F9(g9) = F(lc, 9),
FC(gi0g2) = F(l¢,91092) = F((1c,91)0(1¢, 92)) = F(lo, g1) o F (1, g2) =
FC(g1) o FC(g2), AR 470 FC(1p) = F(lc,1p) = lpe(py = lrc,p)

b) FH—AFMR RN, LHS=F(f,g), RHS=F(f, g), # LHS=RHS

c) ZIEWT F: CxD — & ¥ (C,D) BF FO(D). Mi¥ (f,9)
W] F(g) o Fp(f), F(fio fa,gr1092) = F(g10g2) 0 Fp(fio fo) =
FC”(91)OFC//(gz)OFD<f1)OFD<f2) = FC”(91)°FD'(f1)OFC/(gz)OFD(ﬁ) =
F(f1,91) 0 F(f2,g2) X7 identity BSkREIFE, A DAFRATAE T— K5 F.
R TR P B B R T A FRATIF A B R 1. PR IRATIE
FEAE—DR T FO R Ao 2 ERY ek 515 A R ATIF R E SRy ek 5,
RS2 B S ik LR TR AL F(C, D) = FO(D), F€(C,D) =
F'“(D) = F'(C,D), % F'(1c, g) = F'°(9) = F(9) = F(lc,9) XH—"4
HERE W F(f,9) = F(f,1p) o F(1c,9) = F'(f,1p) o F'(1c,9) = F'(f,9)
AN EBRARIRATT, SRARERE L) ek 1 AT DA R Bk T . B
PAS 2R 703 bR 1, W SR S 2R, RO T 2R JE AR 20 b 1, 3R
ATTRT DAME— (A8 38—~ AR R B 1) R 1 A5 B 00 5 o bR 1A R R AT
BB T

7. Fill in the details of Example 3.2.1, thus constructing a functor
F : Top”” — Ring

KMHEMEUE F(fog) = F(g) o F(f) 5§ F(lx) = lpx), XA,
F(fog) € Hom(C(Z),C(X)) m+ mo fog=F(g)(F(f)m) =mo fog.
F(l1x)m =m A F(lx) = lrx)

8.Find an example of a functor F' : C — D s.t. F' is faithful but there
exist distinct maps f; and f in C with F(f;) = F(f2)

Solution: FATE&AE LA T
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9. SEE BELOW

a) Of the examples of functors appearing in this section, which are faithful

and which are full.

b) Write down one examples of a functor that is both full and faithful, one
that is full but not faithful, one that is faithful but not full, and one that

is neither.

Solution: Eg 3.1.2 J& faithful not full , eg3.1.3 is faithfual not full,
eg3.1.4 is faithful and not full(faithful BJREH X FALE — T EE, fthE
%%~AﬁﬂﬁJ%%imiﬁFtATHMﬁﬂu%tfﬁmfﬁﬁﬁﬁ
7%, not full (45 PR 44 B TR A i e LAY EIRAIRS.) eg3.1.5 is
faithful and full, eg3.1.6 is faithful and full(falthful ) B[R] 2 A ) W B o2
ARFEREER L, B 2DRACRADFEBBA F 17 ), not full 15K 2
FATA T U RISA S B A A )25 1), eg3.1.7 is faithful and not full,
eg3.1.8 is faithful and full(not full ) J5 A& F MLk MM S e E — 4
AR AL ,eg3.1.9 not faithful not full (Ji PRS2 AN [A] i) 34 B2 W 5 23 175 54 [A]
HEEAEER]ZS) eg3.1.10 not faithful not full(([F4S) B LML RFASAH R
FIEER]ZS) eg3.1.11 is faithful and not full eg3.1.12 is faithful iff F can be
regarded as monomorphism, it is full iff F can be regarded as epimorphism.
eg3.1.13 is faithful iff F can be regarded as faithful group action, it’s full
iff |S| leql eg3.2.1 is not faithful and not full eg3.2.2 is faithful not full
eg3.2.3 not faithful and not full eg3.2.4 is same as 3.1.12 eg3.2.4 not must

be anything. FATELAE LG 7EE] 1A X UG 1.

4 What is Natural Transformation

WATELHNGE TG, AT B2 JimE 2 [ A A5, FRATmT DAgRSE ),
M08 FAE AT RIS, B2 SN AZ R4, X2 B 248 natural
transformation. FATA TG T H 4G5I AGX RS, % 8 HcEnE C(RY
SO AN BITERE D MR T Fu, BATEES L REE B C i
N G e B WRHLRIAT, [RI AR 53— AN BR TR R, IR IRATEA 2 R
FZ AL A TS, AT R TS R T Fy Broe @ BT S B% T M 3] F
Jir e MR REST 52 (B8N TR UL AR IR AT C ST RS2 IE AL, AR AR
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TPy SR BRI (fr fan o) S0l 1 OXERIEIXER 2 X R R G 4
%, [FHE By B —FI (ki ke, ), IRATRNDAT LS fi SR fERAT
T)

F
Definition 4.1. Let C and D be categories and let C ?i D be

functors. A natural transformation a : ' — G is a family (F(C) %
G(C))cec of morphisms in D such that for every morphism C Lorine )

the square

commutes. The maps a¢ are called the components of «

H AR IR — A D P WRAAERA C e ¢ s F(C) FI
G(C) WS, I ATNTA T BEE L H R e FATRIM X
€ X1 motivation, FA1FELE P MT o T Z BRI FRSH AR . 518
f:C =R F Sl F(f) : F(C) = F(C), BT G 4L EfE
HE G(f) : G(C) = G(C"), AR EXAHETH) WG SRR KR
(F), 278 BWe? s\ T RIB Y iZe 47 B LENiZg F(O) 3
G(C) ZIRRBLSE, Mg F(f) 2] G(f) Z IR, PRI R 2 E A
ARG Z AT KRR, MM T URAROE Bk, BOZA T
& F(C) 5 G(C) X RR, #id F(f) 5 G(f) WX R RERFEIA
LR, X R R A B R

Examples 4.1.1. ZEEK C 5 D, F,G,H BEMZHWET, o & F,.G
Z AR HRAE W, B 02 G, H Z i) H AR, BN E BT HAS HHEAS e
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F(f)

F(C) F(C")
| J
6(0) ——— a(e)
Bcl lﬁcf
H(C) ——"—— H(C)

LI LAE [ v = (Bc © ac)cee, MiXE F, H Z[E]H) H Rk,
FAIR R B RS A, BRAEFATT AP YU W5 8] 1) i bR A X 4
H (XA R E LR 2 0b(C)"P) x Hom(C)Hem®P) @i
RKR), XeET FG, ENZRINSHN F,G ZRINITA B A2, 26
TE SO IR B IR A2 . BRI B O — N, ASYERE Z R BT A
bR RIS X T locally small FFEREEATRIR T HA—ELXWRES, ©
HEAHEL I proper class i K, {HZXT small category Ryl E 44 BUAE G
1. X —A BT AAE T[] (Hom(F(C),G(C))) K74 [Alf:
FATH —1 identity natural transforgleaction. idp 1 F'— F 25 identity
morphism ¥ . ASEIELS &8, ARAUNER C fil D 2 small category, DA
AT Z TR BRI TR, BT Z B ) B SRR R S S FRATTAR 3 T — S8
W%, #K>A functor category from C to D, it [C, D]

Definition 4.2. F,G 2l C 2| D LR T, o Jg F, G Z [/ AR,
WARXTAEER C € C, ac & D HHJ isomorphism, FATFRI% H AL

natural isomorphism.

XAAMEBAFAE G B F i) E R B (6% foa =idp H aof =idg.
S

TEFEIETE PP AT X R AR R R0, T2 AR S, WRIEA]
UL NS A, B BEAR R —HRHEAFERLNR A, B EHCHIE
KAP 20, BRATAFZ R OEANXNSR A MH BN R Z AWSH AR B
T T, MASSH EERIE N Z RN G, MR f 5 g R
GPAK g M f WS AHGE N BAOLASSY (RO EA AP 17X R AER)
FRPE), ASUEHT f Mg A BT A 3] B 2AER,B Bl A AR (X
e AP ELROHLRE I LA, BATZ BT A IR B2 5 2 1 B AU E SOS ]
PR AR EA TP AR T2 ] A AR A IR R AR 5% B EAT C.C" HH
EMRIESIR,C, C7 Z R RS & B AT 25— S0, B
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mf:C—-0C9g:C —=-Cn:C— N, B NMILEFEH nog: C" - N
PAF C" B N WSS, MXASHEAEE f R n XU C 2 N i
SHEAZHZ C Bl N BSH); WRBATEZ W ST E R R E—FF
1), FA 2RI E X R B R KR —FER), Bk RS SH
WHRER—F, SR A ZRERER SR, ARSI
W52 —FERFATAR B SR A AT AARE Y R 5k 20 fth, BIFELEsR T F, G 115
FG = 1p,GF = le. ZXHIRATFRMTEMEE isomorphic fY, i ZRE A
TEBERR 2 RS FR s 2 SN2 e — R .

177 1 A R AL DU 2 Rk A~ R 1 AR @ — R (B HEAH [ 0 e e i ik
FAFFXTE (F(C),G(C) Wi~ isomorphic), F(f) il G(f) WEA 122
AL RNV, BN E EE R EAT 2 EL A [F] 1A V8 B S A AH [ 1)
RVH). TS R A S R R T, 3K SR A A 1A A B — AR —
FE CGRIBFEE), FATABEARMEE— AR, BBEAZ—FSIT T (B
[m48), AbFiXFh=% e H B 2R [F#) 2 X equivalence between categories.

Definition 4.3. {1 C F D FIFEMIR T F:C—oDHMG:D—=C
AR B ATTH o : FoG — 1, F1 B: GoF — 1o, MAERFRZPIA
JUBERE equivalent, iC4F C = D, we also say that the functors F and G are
equivalences.(Z¢{f pR 1)

HEREPIASERE R, FATHFFZH SR 7R 2 AT T, (H2X KR
T, OIAFTEENTNE ALK T, AFEEAZ—FIAT T,
FATTRERR XA R T KR, I DAE SO 55 s S AT TR 2 A 3 B
SRR AR R T AR, MU PN R AN 2 T, T2 228 2 Bl
(1, B ALY S f o X ARG E SCIRIIRFNE IR I % AR
Definition 4.4. F : C — D 2K T, FAIFRFE & essentially surjective on
objects QIAXf TAEEN) D € D #ifiAE C € C [{ifg F(C) 5 D 2.

lemma 4.1. F : C - D %M HT L4 AE F & fully faithful and

essentially surjective on objects.

iE. = BT F:C— D 2%+, IiAFEAE G: D — C [ifg| T
FoG:D—D 5D EWHESERT 1p & HREMA, BreARi14
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(FoG) (D) —L2Y (poG) (D)
15(D) 1o(f) 1p(D)

BT ap Ml ap =\, FiPA (F o G)(D) = 1p(D) = D, RIXTAER
i D e D HAHA F(G(D)) = D BI'E & essentially surjective on objects.
%fl:g‘: leC—>C/7 fQ:C_)C,7HF(fl):F(f2)7

(G o FY(C) DY (o F) ()
ﬂc‘ lﬁc/
1(C) —— P 1¢(C")

M2 froBe = Poro(GoF)(fr) W fr = Ber o (Go F)(f1)Bg" I
f2=Bor o (GoF)(f2)Bc" B F F(fr) = F(f2) FLA fr = fo, B faithful.

ZEme Hom(F(C),F(C")), % G(m) € Hom(G(F(C)),G(F(C"))),
# & BeroG(m)oBg' € Hom(C,C"), BeroG(m) = Bero(GoF)(BaroG(m)o
Bc), Bl G(m) = (G o F)(Bcr 0 G(m) o "), T G 2 faithful g, BrbA
m = F(Bcr o G(m) o B5Y), HIFEAE T = Ber 0o G(m) o B5' € Hom(C,C') fii
18 F(T) = m, B full.

<=:

% F 2 essentially surejective, FFAF X TAERA D € D, #FATLA
#3 Cp € C fiifs F(Cp) = D, #[E G(D) = Cp(whatever it’s, we only
select one, maybe higher version of Axiom of Choice is required.) [gitZ
SN EATIE R E L Hom (D, D) — Hom(G(D),G(D')) %J& g : D — D', W
F(Cp) = D % D' = F(Cp), it. F(Cp) Y5 D ZRMFA tp,F(Cp)
5 D' ZRNWEI N tp, IAFAT A F(Cp) # F(Cpr) ST
tprogotp, T F J& fully faithful ), IAGFLEME—R) f: Cp — Cp: i
3 F(f) =tpogotp, ML Glg) = f, ik G N T, A G 5 F %
hr. O

P P C — Set @1, W C -G O #HHAF—TER
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T he == Hom(C,), Bt X € C B3| Hom(C,X) XAMESH, B
fiX =Y BE| he(f) : Hom(C,X) — Hom(C,Y),hc(f) 22— %L,
Bl g € Hom(C, X) B3| foge Hom(C,Y)

Theorem 4.1 (Yoneda Lemma). Let F' be a functor from C to Set. Then
for each object C' in C, the natural transformations Nat(hc, F') from he to

F are in one-to-one correspondence with the elements of F'(C). That is,

Nat(he, F) = F(A).
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